Abstract. A solution to the robust pole assignment problem via reflection coefficients of polynomials is provided for discrete-time single-input single-output (SISO) and multi-input multi-output (MIMO) linear systems. For SISO systems a robust state controller and the polytopic uncertain plant which is stabilized by this controller have been found. For MIMO systems the problem is solved for an uncertain interval plant.
INTRODUCTION
In [1] a solution to the robust pole assignment problem via reflection coefficients of polynomials has been provided for discrete-time single-input single-output (SISO) linear systems following the ideas of fixed-order output controller design. In the present paper the reflection coefficient approach is further developed for both SISO and multi-input multi-output (MIMO) robust state controllers. The solution is based on polytopic sufficient stability conditions formulated via reflection vectors of a family of stable polynomials [2] .
Several other convex approximations of the stability region such as boxes [3, 4] , ellipsoids [5, 6] , polytopes [7, 8] , or other convex sets [9, 10] are widely used in robust control. In [11] a linear Schur invariant transformation with a free parameter was introduced in the discrete polynomial coefficient space, which gives a possibility of generalizing all of these stability conditions by the use of reflection coefficients.
Ideologically, the approach followed in this paper resembles the one given in [12] . In fact, the entire class of controllers attaining polytopic or interval specifications is obtained as a convex set which offers further advantages to the designer. The exact choice of intervals used in specifications is up to the designer.
In order to compare the efficiency of the proposed method with the robust quadratic control, the volumes of stable reflection vector polytopes and stable ellipsoids derived via optimization over linear matrix inequalities (LMIs) [5] are calculated. The volumes of stable reflection vector polytopes are slightly greater than the volumes of stable ellipsoids derived by LMIs.
The reflection coefficients [12] are also known in the literature as Schur-Szegö parameters [13] , partial correlation (PARCOR) coefficients [14] , or k-parameters [15, ch. 6] . They have been used efficiently in many applications in signal processing [15] , system identification [14] , and robust control [1] .
The main tools for robust state controller design used in this paper are (1) the Luenberger feedbackcanonical form [16] of the uncertain plant description and (2) the stable reflection vector polytopes of the closed-loop system [2, 11] . For SISO systems we have found a robust state controller which stabilizes the uncertain polytopic plant. For MIMO systems we have found a robust state controller which stabilizes the uncertain interval plant.
The paper is organized as follows. First, in section 2 the solution to the robust reflection coefficient assignment problem has been provided for discrete-time SISO linear systems. In section 3 the same problem has been solved for MIMO systems. A fourth-order example is given for an uncertain interval plant with two inputs and two uncertain parameters.
SISO SYSTEMS
Assume that a plant with parametric uncertainties is given. Our goal is to design a state controller so that the closed-loop system is robustly stable and the reflection coefficients of it are assigned in a specific region.
For simplicity, let us consider the problem of state controller design for a SISO plant. Let the plant state space description be given in the feedback canonical form [16] 
where
is a scalar input, I n−1 is a unit matrix, o n−1 is a column vector of zeros with dimensionality n − 1, and a T is an n-dimensional row vector of plant parameters. We are looking for a state controller
such that the closed-loop system
is stable for a polytopic plant a ∈ A .
The next theorem defines a state feedback control c in terms of reflection coefficients [13] of the nominal closed-loop system as well as the polytope A in terms of reflection vectors [2] of the nominal closed-loop system. Theorem 1. Assume that the reflection coefficients k i ( f ), i = 1, ..., n of the nominal closed-loop system satisfy the conditions
stabilizes the plant (1) in the polytope To prove this theorem, we have to introduce some basic definitions and relations in the field of reflection coefficients of polynomials.
The reflection coefficients k i ( f ), i = 1, ..., n of a monic polynomial f (z) can be obtained by using backward Levinson's recursion [13] 
The stability criterion via a reflection coefficient is as follows [13] : a polynomial f (z) has all its roots inside the unit disk if and only if
The reflection vectors of a Schur stable monic polynomial f (z) are defined as the end points of the stable
where conv{ f |k i ( f ) = ±1} denotes the linear cover obtained by varying the reflection coefficient k i ( f ) between −1 and 1, while all the other reflection coefficients are fixed [2] .
The linear cover of all the reflection vectors v
.., n is called the reflection vector polytope. The following lemma holds [11] .
Lemma. The inner points of a reflection vector polytope of a stable polynomial f (z) with reflection coefficients k
The proof of Theorem 1 follows immediately from the relations (1)-(3) and the Lemma. According to Theorem 1, we have two degrees of freedom for choosing the nominal closed-loop system matrix F, i.e. k 1 ( f ) ∈ (−1, 1) and k n ( f ) ∈ (−1, 1). There are two reasonable principles for choosing reflection coefficients k 1 ( f ) and k n ( f ):
• the volume of the polytope A must be as great as possible, • pole placement of the nominal system F must be as good as possible.
First, let
Then f (z) = z n − k n and the roots of f (z) are placed symmetrically against the origin, whereas
This means that, according to suggestions for choosing poles of discrete-time systems [17] , k 1 ( f ) must be positive and |k n ( f )| must be small in order to obtain a reasonable pole assignment:
The volumes of reflection vector polytopes can be easily calculated by the triangulation method [18] . It is interesting to mention that the volume of reflection vector polytopes does not depend on the first reflection coefficients k 1 ( f ) of the polynomial f (z) for fixed k n ( f ) and n with k 2 ( f ) = ... = k n−1 ( f ) = 0. The volume of reflection vector polytopes decreases symmetrically by increasing the absolute value of the last reflection coefficients k n ( f ) of the polynomial f (z) for n odd and unsymmetrically with a maximum in the positive values of k n ( f ) for n even, where Table 1) . The maximal volume of reflection vector polytopes decreases by increasing the order n. 
Remark. The volume of stable reflection vector polytopes can be increased by negative values of k 2 . The last row in Table 1 gives the volumes for
, and k n = k max n , where k max n is the k n which maximizes the volume of stable reflection vector polytopes. In order to compare the efficiency of the proposed method with the robust quadratic control, the volumes of ellipsoids derived via optimization over LMIs are presented in Table 1 (first row) [5] . The volumes of stable reflection vector polytopes are slightly greater than the volume of stable ellipsoids derived by LMIs.
MIMO SYSTEMS
Assume that a MIMO plant in the Luenberger feedback-canonical form is given [16] x(t + 1) = Ax(t) + Bu(t),
Theorem 2. Assume that the reflection coefficients k i ( f ), i = 1, ..., n of the nominal closed-loop system satisfy the conditions k 1 ( f ) ∈ (−1, 1),
Then the controller
where c
the coefficient vectors of the closed-loop characteristic polynomials f ± i j of all the corner plants are placed in the polytope of reflection vectors v
± α ( f ), α = 1, .
.., n of the nominal closed-loop system f .
It is easy to see that the closed-loop system matrix
Since the last row of F consists of the closed-loop characteristic polynomial coefficients, according to the Lemma, Theorem 2 holds. Let us now consider a completely controllable uncertain MIMO plant
m. An arbitrary completely controllable MIMO plant can be transformed to the Luenberger feedbackcanonical form (7) by a state transformation
if the input matrixB has full column rank [16] . In order to design a robust state controller for the interval plant (9), we have to perform the following steps. αγ +B + αγ )/2, α, β = 1, ..., n; γ = 1, ..., m find the transformation matrix T as follows [16] .
• Find the controllability matrix of the nominal plant
• Find the controllability indices of inputs ρ γ , γ = 1, ..., m by inspection of the controllability matrix W .
For the full column rank input matrixB, ρ γ ≥ 1, γ = 1, ..., m.
• According to the controllability indices ρ γ , transform the controllability matrix W into the form
• Calculate S =W −1 .
• Pick out m rows s T r γ , γ = 1, ..., m of the matrix S, where
• The transformation matrix T is defined as follows [16] :
2) Transform the nominal plant into the Luenberger feedback-canonical form (7) by the transformation T (11). 3) Choose the reflection coefficients k 1 and k n of the characteristic polynomial f (z) of the nominal closedloop system according to (6). 4) Taking into account that k 2 = ... = k n−1 = 0, calculate the vector f of coefficients of the characteristic polynomial f (z) by [2] 
I n is an n × n unit matrix, E n is a unit Hankel matrix
and o T is a row vector of zeros. 5) Find the robust state controller C according to (7) and (8). 6) Transform the state controller into the initial coordinates by the transformation T (11)
7) Calculate the reflection vectors of the characteristic polynomial f according to the definition v
Check the stability of the closed-loop system for the interval plant (9) . It is sufficient to check if
where N is the number of interval parameters of the plant (9), V is the polytope of reflection vectors v ± α ( f ), α = 1, ..., n andf ± δ are the coefficient vectors of characteristic polynomials of closed-loop systems for the corner plantsā
Remark. In principle the entire class of controllers can be obtained as a convex set which stabilizes the nominal plant. The exact choice of reflection coefficients k 1 and k n from intervals given in specifications is up to designer's making use of the volume of the stable reflection vector polytopes (Table 1 ) and the pole placement of the nominal system. The polytope V of reflection vectors of the nominal closed-loop system is described by the n×2n matrix of vertices 
CONCLUSIONS
A solution to the robust pole assignment problem via reflection coefficients of polynomials is provided for discrete-time SISO and MIMO linear systems. The solution is based on polytopic sufficient stability conditions formulated via reflection vectors of a family of stable polynomials. For SISO systems a robust state controller which stabilizes the uncertain polytopic plant has been found. For MIMO systems the problem is solved for an uncertain interval plant by using the Luenberger feedback-canonical form.
